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INTRODUCTION 
The propagation of Lamb waves in plates has been the subject of 
numerous investigations since their postulation by Lamb in 1916 [1,2]. 
Most of the work in existence deals with various aspects of these guided 
waves in plates of isotropic materials. Comparatively speaking a limited 
number of results has appeared in which Lamb or horizontaly polarized SH 
wave propagation in anisotropic plates has been considered in any detail. 
For Lamb waves, theoretical analyses have been reported in plates of cubic 
[3,4], transversely isotropic [5,6], and orthotropic [7,9] media. 
In this paper, we develop the analysis for the propagation of free 
waves in a general anisotropic plate and present numerical results for some 
special cases of interest. We begin with a formal analysis for waves in a 
plate belonging to the triclinic symmetry group (the most general with 21 
independent elastic constants). The calculation is then carried forward 
for the slightly more specialized case of a monoclinic plate (13 
independent elastic constants), where the surface of the plate is parallel 
to the single plane of mirror symmetry in this material system. We derive 
the secular equation for this case in closed form and isolate the 
mathematical conditions for symmetric and antisymmetric wave mode 
propagation in completely seperate terms. Material systems of higher 
symmetry, such as orthotropic, transversely isotropic, cubic, and isotropic 
are contained implicitly in our analysis. We demonstrate numerical free 
wave dispersion results drawn from concrete examples of materials belonging 
to several of these symmetry groups. When we discuss waves in anisotropic 
plates the distinction between mode types is somewhat artificial, since the 
equations for classical Lamb and shear horizontal (SH) modes generally will 
be coupled. Therefore, we will refer to these modes as free waves in the 
plate. 
THEORETICAL DEVELOPMENT 
Consider an infinite generally anisotropic plate, having thickness d, 
I 
whose normal is aligned with the x3-axis of a reference cartesian 
' ' ' ' coordinate system xi = (x1 ,x2 ,x3). The midplane of the plate is chosen to 
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coincide with the x1-x2 plane. In what follows, we study the propagation 
of harmonic waves in such a plate along a direction that makes an arbitrary 
I 
azimuthal angle ~ with the x1 axis. Since, as we pointed out in [10], the 
response of the plate to such a wave is independent of the in-plane 
direction transverse to that of the propagation direction, we can conduct 
our analysis in a transformed coordinate system xi formed by a rotation of 
I I I 
the orthogonal reference axes x1 , x2 about the x3 direction through the 
angle ¢1. 
In terms of the rotated coordinate system xi, the field equations are 
given as: 
with the transformed constitutive stiffnesses 
cl 
mnop 
( 1 ) 
(2) 
(3) 
In the rotated system, the motion is independent of x2• Nevertheless, 
the particle motion can generally have three nonzero spatial components u1, 
u2 , and u3 corresponding to longitudinal (along the x1 axis), horizontally 
SH and vertically SV polarized transverse waves, respectively. 
Substituting from Eq. (2) into Eq. (1) results in a system of three 
coupled equations for the displacements u1, u2 and u3. For a plane wave 
propagating along the x1 direction formal solutions for the displacements 
and stresses can be written as 
(4a) 
(4b) 
v 
K11(aq) K23(aq) K13(aq) K12(ag) (5) 
q 
K13(aq) K22(aq) K12(aq) K23(aq) 
w 
K11 (aq) K23(aq) K12(aq) K13(ag) (6) 
q 
K12(aq) K33(aq) K23(aq) K13(aq) 
D1q [C13 + aqC35 + (C36 + aqc34 )vq + (C35 + aqc33 )Wq] (7a) 
D = 2q [C15 + aqC55 + (C56 + aqc45 )vq + (C55 + aqc35 )wqJ ( 7b) 
D3q [C14 + aqC45 + (C46 + aqc44 )Vq + (C45 + aqc34 )Wq] (7c) 
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with 
K11 c11 
2 
+ 2c15a + c55a 
2 
- pc 
K12 ~ c16 + (C14 + c56)a + c45a 2 
K13 c15 + (C13 + c55)a + c35a 2 
K22 c66 -
2 
+ 2c46 a + c44 a 
2 pc 
K23 c56 + (C36 + C45)a + C34a 2 
K33 c55 - pc2 + 2C35a + C33a2 (8) 
In Eqs. (7) and (8) we used the standard contracted subscript notations 
1~11, 2~22, 3~33, 4~23, 5~13 and 6~12 to replace Cijk~ with Cpq i,j,k,~ 
1,2,3 and p, q = 1,2, ... ,6). Thus, c56 stands for c1312 , for example. And 
aq, q=1, ... 6, are solutions of the characteristic equation 
(9) 
Calculating the stresses o33 , o13 and o23 of Eq. (4) at the upper and 
lower faces x3 = d/2 and x3 = -d/2, respectively, and setting them equal to 
zero to invoke the stress-free boundary conditions finally yield the six 
equations relating the propagation amplitudes u11 , u12 , u16 , whose 
determinant of coefficients is 
o11 E1 012E2 013E3 014E4 015E5 016E6 
021E1 022E2 023E3 024E4 025E5 026E6 
D31 E1 D32E2 033E3 D34E4 035E5 036E6 
0 ( 1 0) 
D 8 D 8 D 8 D E D E D E 
41 1 42 2 43 3 44 4 45 5 46 6 
D51 E1 052E2 053E3 054E4 055E5 056E6 
061 E1 062E2 063E3 064E4 065E5 066E6 
where 
E E-1 -il:a d/2 q = 1, .•. , 6. q q = e q ( 11 ) 
Thus far we have presented only a formal analysis for free waves in a 
generally anisotropic plate, that.is, one belonging to the triclinic 
symmetry group. With one plane of mirror symmetry, say x3=o, eight 
property elements vanish by symmetry considerations, leaving thirteen 
independent constants. Such a material is termed monoclinic. If there are 
two orthogonal planes of mirror symmetry, the existence of a third mutually 
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orthogonal symmetry plane is assured. Materials with these characteristics 
are orthotropic and possess nine elastic constants. If, in addition, there 
exists a single plane in which all properties are independent of direction, 
we have a transversely isotropic material which can be described by five 
elastic constants. Starting again from the orthotropic case, if we now 
require interchangeability among the three coordinate axes, the material is 
cubic, and its elastic matrix has only three independent elements. 
Finally, complete spherical symmetry of mechanical properties implies an 
isotropic material needing only two independent constants. In the next 
heading we particularize the foregoing general treatment to a monoclinic 
material having its plane of mirror symmetry in the plane of the plate, and 
we derive explicit secular equations for symmetric and antisymmetric wave 
modes. 
THE MONOCLINIC CASE 
For monoclinic materials having x1-x2 as a plane of mirror symmetry, 
the following elastic properties 
I I I t I I I I 
c14' c24' c34' c15' c25' c35' c46' c56 = o. ( 1 2) 
Furthermore, only their one-to-one corresponding unprimed transformed 
properties via Eq. (3) also vanish for all azimuthal angles ~. Substituting 
the restrictions resulting from Eq. (12) into the general property 
relations of Eqs. (7)-(9), we obtain considerable algebraic 
simplifications. Of most important consequences are the resulting 
relations 
(12 = -a1 • (14 = -a3 • (16 = -a5 • ( 1 3) 
wj+1 - w. 02j+1 - D2j 03j+1 = - D3j' J 
vj+1 = v. 01 j+1 = D1j j 1. 3. 5. J ( 1 4) 
Substituting from Eqs. (13) and (14) into (10) followed by extensive 
algebraic manipulations and reductions of the resulting matrix (10) 
separates it into a 2x2 diagonal matrix whose entries comprise 3x3 square 
matrices. The determinant can therefore be separated, leading to the two 
uncoupled characteristic equations 
0 ( 15a) 
D11 G1tan(Ya1)- o13G3tan(Ya3) + o15G5tan(Ya5) = 0 (15b) 
corresponding to symmetric and antisymmetric modes, respectively with 
G1 ( 16a) 
Y = ~d/2 = wd/2c. ( 16b) 
The results in (15), obtained for the monoclinic case, also hold for 
higher symmetry classes such as orthotropic, transversely isotropic, and 
cubic. In fact, Eqs. (15) apply if the wave propagates along directions 
other than in-plane symmetry axes. This is due to the fact that coupling 
of the SH wave field equations with those of the classical Lamb wave will 
persist. Uncoupling of these equations occurs, on the other hand, for 
propagation along axes of rotational symmetry, resulting in simplified 
versions of Eqs. (15). 
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NUMERICAL EXAMPLES 
In this section, we illustrate the analytical results derived above 
with a limited selection of numerical examples drawn from the several 
material symmetry classes we have considered. In each instance we present 
phase velocity dispersion curves plotted as a function of the product of 
frequency and plate thickness. For the elastic stiffnesses, we have chosen 
to model materials of interest where values of the C were readily pq 
available. In the cases of lower symmetry, namely monoclinic, our approach 
has been to construct the elastic properties from those of known, higher 
symmetry, material by applying the rotational tensor transformation 
outlined in the analysis. The C for the numerical examples considered pq 
here are collected in Table 1. 
In Fig. 1 are shown dispersion curves for a monoclinic material whose 
plane of mirror symmetry is coincident with the plate surface. The elastic 
0 
properties used are contructed from a 20 rotation of those listed in Table 
1 for the orthotropic symmetry material. Since there is no in-plane 
principal axis, a propagation direction has been arbitrarily chosen. 
Notice that, beyond the complexity of the curves, an unusual feature is the 
existence of an additional mode at low fd. Free wave dispersion in an 
0 
orthotropic material is given in Fig. 2 for propagation at 45 to the 
principal in-plane axes. Here, the behavior is similar in complexity and 
appearance to the monoclinic case. This result is anticipated since the 
orthotropic elastic properties for off-principal-axis propagation will have 
the same number of nonzero elements as in the monoclinic case. 
Moving to higher symmetry classes, we now illustrate the case of 
transverse isotropy. Figure 3 shows free waves in a graphite-epoxy 
0 
composite, where the propagation direction is at 45 from the principal 
Table I 
Property Orthotropic Transversely Isotropic Cubic ( GPa) Artificial Graphite -Epoxy Nickel 
Ref [11] Ref [12] 
I 
c11 128 155.6 261 
I 
c12 7 3.7 151 
I 
c13 6 3.7 151 
I 
c22 72 15.95 261 
I 
c23 5 4.33 151 
I 
c33 32 15.95 261 
I 
c44 18 5. 81 130.9 
I 
c55 12.25 7.46 130.9 
I 
c66 8 7.46 130.9 
p(g/cm3) 2.0 1.6 8.91 
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Fig. 1 Dispersion relation curves for a plate having monoclinic material 
0 
symmetry with propagation along $ = 0 • 
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Fig. 2 Dispersion relation curves for an orthotropic plate whose 
0 
properties are listed in Table I. Propagation is along ~ 2 45 . 
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axis x1. The very high stiffness of the graphite fibers is apparent in the 
details of the curves in Fig. 3. The last example is for the case of cubic 
symmetry. We have chosen to model a nickel plate, and in Fig. 4 are the 
0 
dispersion curves for free wave propagation along a 45 of principal cubic 
axis. An interesting feature of the two fundamental modes is that they 
cross at values of between about 2.2 and 4.5 MHz-mm, approaching each other 
at high fd where the phase velocity tends toward the Rayleigh surface 
waves peed. 
Appendix A 
Expanding the determinant relation (9) and collecting powers of a we have 
6 4 2 
a + A1a + A2a + A3 0 
where: 
8 
6 
0 
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Fig.3 Dispersion relation curves for a transversely isotropic graphite-
a 
epoxy plate for ~ : 45 . 
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Fig. 4 Dispersion relation curves for a cubic Nickel plate for ~ 45 • 
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